We study two M5-branes on A 1 ALE space. We introduce some M2-branes suspended between the M5-branes. Then, the boundaries of M2-branes look like strings. We call them "M-strings". The M-strings have N = (4, 0) supersymmetry by considering the brane configuration on A 1 ALE space. We calculate the partition function of M-strings by using the refined topological vertex formalism. We find that the supersymmetry of M-strings gets enhanced to N = (4, 4) by tuning some Kähler parameters. Furthermore, we discuss another possibility of the enhancement of supersymmetry which is different from the above one.
Introduction
M5-branes are mysterious objects in M theory. The low energy theories on coincident multiple M5-branes are 6 dimensional N = (2, 0) theories whose Lagrangians are not known. Then, one of the methods whom we can use to analyze is the duality.
We consider two M5-branes on A 1 ALE space. When two M5-branes are separated by introducing some M2-branes, we can see some 2 dimensional objects in the boundaries of the M2-branes and M5-branes. We call them "M-strings" [1] [2] [3] [4] [5] [6] [7] . This configuration is dual to a (p, q) 5-brane web [8] . Furthermore, the (p, q) 5-brane web is dual to the refined topological string [9] [10] on a non-compact toric Calabi-Yau manifold [11] [12] . Thus, we can calculate the partition function of M-strings by using the refined topological vertex formalism [13] [23] .
The M-strings have N = (4, 4) supersymmetry in flat space [1] . When we put the M-strings on A 1 ALE space, the supersymmetry is broken to N = (4, 0). Furthermore, in order to use the duality to the refined topological string, we consider some deformations by giving masses to the bifundamental hypermultiplets. These deformations do not break the N = (4, 0) supersymmetry anymore [3] . According to [1] [2] [3] , the partition function of M-strings agrees with the elliptic genus of the supersymmetric gauge theory through the chain of dualities.
In this paper, we consider one of the web diagrams which is dual to the above situation. This diagram is also related to the web diagram which is discussed in [3] under the flop transition [24] [25] [26] . We calculate the partition function of M-strings by using the refined topological vertex formalism. Our result is consistent with [2] [3] under the flop transition. Then, we find that the supersymmetry of M-strings gets enhanced to N = (4, 4) by tuning some Kähler parameters. Such a tuning of the Kähler parameters is discussed in the literature, for instance as in [27] The organization of this paper is as follows: In section 2, we review two M5-branes on A 1 ALE space very briefly. We also introduce the web diagram which corresponds to the M2-M5 brane system. More detailed discussion about our model is written in [1] [2] [3] . In section 3, we calculate the partition function by using the refined topological vertex formalism. Then, by tuning some Kähler parameters, we find that the partition function of M-strings in A 1 ALE space agrees with that in flat space. This partition function is also coincident with the elliptic genus of the N = (4, 4) U (k) gauge theory for further setting some other Kähler parameters. Finally, in section 4, we discuss our results and another possibility of the enhancement of supersymmetry by tuning some Kähler parameters which are different from the above choices.
Brane configuration and M-strings
Consider the M2-M5 brane system on A 1 ALE space. We call the boundaries of M2-and M5-branes "M-strings" (see Fig. 1 ) [1] . According to a discussion in [1] , the M-strings have N = (4, 4) supersymmetry in flat space. However the supersymmetry is broken to N = (4, 0) on A 1 ALE space because of orbifolding [3] . The brane setup where A 1 ALE space is spanned by X 7 , X 8 , X 9 , X and k is the number of the M2-branes.
M theory
Let us consider the chain of dualities between M theory and Type IIB superstring theory [3] . We set X 1 as M-theory circle. Then the M5-branes and the M2-branes become the D4-branes and the F1-branes, respectively. After T-duality along the X 7 , we get the D5-NS5 brane web (see Fig. 2 ). Then, in order to connect this geometry to the refined topological string, we introduce some mass parameters and Ω-background by fibering over the circle.
2 These mass parameters correspond to the blow-up parameters in the web diagram. This web diagram is related to the web diagram in Fig. 3 (b) under the flop transition [26] . In section 3, we will calculate the partition function of M-strings corresponding to the web diagram (b) by using the topological vertex formalism. Figure 3: The flop transition. We define the Kähler parameters Q m1 , Q m2 , Q 1 , and Q 2 which denote the mass deformations. The diagram (a) is discussed in [2] [3]. We will discuss the diagram (b).
3 Refined topological vertex
Computation of partition function
In section 2, we have introduced the M-strings and discussed how to be related to the web diagram.
In this section, we calculate the partition function of M-strings. We define some Kähler parameters
, and some Young diagrams ν 1 , ν 2 as in Fig. 4 , where ν t 1 and ν t 2 denote the transpose of ν 1 and ν 2 respectively. Then we write the partition function for the diagram (a) by using the refined topological vertex formalism,
where the function Z ν 1 ν 2 (t, q, Q) is the building block in Fig. 4 (b1) which is defined by We also define the topological vertex C λµν (t, q) and the framing factors f µ (t, q) andf µ (t, q) as
Physically, the variables t and q are related to the gauge theory parameters (or Ω-background) as follows,
By substituting above definitions into (3.2), we obtain
We can calculate (3.8) by using some formulas in Appendix. Then we obtain
where we divide (3.9) by the trivial building block,
After some calculation, we obtain the building block in Fig. 4 (b1),
and the building block in Fig. 4 (b2) ,
By substituting (3.11), (3.12) into (3.1), we find
where we define some variables as follows:
This expression is slightly different from [3] . However one can show that (3.14) agrees with the result in [3] under the flop transition [26] 3 .
Enhancement of Supersymmetry
In this subsection, we observe the enhancement of supersymmetry by tuning the Kähler parameters to special values. Consider the following constraints,
Where we impose the condition
which is also used in the reference [3] Then, the infinite products
12) become zero unless the Young diagram ν 2 becomes empty. Thus, after some cancellations, we find
where we define
Therefore, we obtain the partition function of k M-strings as follows,
This partition function agrees with the partition function of M-strings in flat space when we tune the Kähler parameters as follow,
According to a discussion in [1] , by tuning the Kähler parameters as follows, 20) and performing appropriate normalization, the partition function of M-strings (3.18) agrees with the elliptic genus of the N = (4, 4) U (k) pure gauge theory. We interpret this result by using the geometric transition [9] [28]. In unrefined case (t = q), the Kähler parameters become 1,
Usually, by the geometric transition [9] , the Kähler parameters become multiplicity of branes. However, in this case, the Kähler parameters are 1. This means that there are no branes. Thus, we can remove the framing as in Fig. 5 . Figure 5 : The geometric transition. We can remove the framing and the result is on the right figure.
The right figure of Fig. 5 is related to the web diagram which is considered in [1] [3] under the flop transition (see Fig. 6 ). The Kähler parameters are related as follows, Thus, we observe that the supersymmetry of M-strings gets enhanced to the N = (4, 4) by tuning the Kähler parameters.
Moreover, we can interpret this enhancement in terms of the 2 dimensional field theory which is dual to the M-strings.
According to a discussion in [3] [29], this M2-M5 brane system is dual to the D1-D5 brane system on A 1 ALE space. k M2-branes, 2 M5-branes, and A 1 ALE space correspond to k D1-branes, A 1 ALE space, and 2 D5-branes, respectively. Table 2 : The brane setup which is dual to the M2-M5 brane system in section 2. The M-strings correspond to k D1-branes.
In this case, the theory on k D1-branes is the N = (4, 0) U (k) gauge theory with one adjoint, two chiral multiplets and two fermi multiplets. If we remove the D5-branes, the theory on k D1-branes is the N = (4, 4) U (k) pure gauge theory. Therefore, in terms of duality, removal of the framing corresponds to removal of the D5-branes. We can generalize this enhancement to the theory on multiple M5-branes on A N −1 ALE space. This M theory system is dual to the (p, q) 5-brane web which is drawn in Fig. 7 . By using the result in [3] , the partition function of M M5 branes on A N −1 singularity is as follow,
where we define e 2πz (s) 24) and the some parametersQ
ab are defined as follows, 27) becomes zero unless the Young diagram µ (s) a becomes empty. After several cancellation, the partition function becomesẐ
. In terms of this web diagram, this corresponds to remove the a-th framing by using the geometric transition. In terms of the D1-D5 system on A M −1 ALE space, this corresponds to remove one of N D5-branes.
For example, let us consider a = 1 case in (3.26) . Then the partition function iŝ
(3.28)
Here we consider b = 1 in (3.28). For b = 1 and a > 2, (3.25) becomes
Then, the contribution of b = 1 in (3.28) becomes 1. Therefore, the result is as follows,
This partition function is the same asẐ
in appropriate redefinitions of the Kähler parameters. Therefore, by tuning the Kälert parameters such as (3.26) , the supersymmetry of M-strings gets enhanced to N = (4, 4). 
Discussion
In this paper, we have calculated the partition function of M-strings by using the refined topological vertex formalism. This partition function is consistent with [3] under the flop transition. Then we have found that, by tuning the Kähler parameters, the partition function of M-strings has agreed with the N = (4, 4) partition function of M-strings. We have interpreted this result by considering the geometric transition. We have also interpreted this enhancement in terms of D1-D5 brane system on A N −1 ALE space. Now we want to consider another possibility of the enhancement of supersymmetry. As we mentioned in the previous subsection, the theory on k D1-branes is the N = (4, 0) U (k) gauge theory with one adjoint, two chiral multiplets and two fermi multiplets. By combining N = (4, 0) vector multiplet with adjoint multiplet, and N = (4, 0) chiral multiplets with fermi multiplets, we may be able to obtain N = (4, 4) vector multiplet and two chiral multiplets. Therefore, we can expect the enhancement of supersymmetry which is different from the one in the previous section.
In order to consider, we calculate the elliptic genus which can be compared with the M-strings partition function calculated by the refined topological string theory. The elliptic genus of the gauge theory can be calculated by using the localization method [30] [31] [32] [33] [34] . We can write the elliptic genus of the N = (4, 4) U (k) gauge theory with two flavors,
On the other hand, we rewrite the partition function calculated by the refined topological string,
Then, we define the partition function of k M-strings as follows,
Then, we find that (4.2) is similar to (4.5). Indeed, for ν 1 = ∅ or ν 2 = ∅, (4.2) agrees with (4.5) by tuning the Kähler parameters as follows,
(4.6) (4.6) means that we set the mass parameter m to zero. The partition function (4.5) in ν 1 = ∅ or ν 2 = ∅ means that we take the contribution of the strings which are stretched along the lower framing ( Fig. 9 (a) ) or the upper framing ( Fig. 9 (b) ). Thus, we can expect the enhancement of supersymmetry which is different from the one in the previous section.
However, we could not obtain the elliptic genus which agreed with the partition function of Mstrings perfectly. This result about the elliptic genus depends on taking some poles. Therefore, we would like to consider this problem as a future work.
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A Definition and Formula
The theta function, the refined topological vertex, and its gluing factor are defined as follows:
• The theta function and its property
• The refined topological vertex
• The gluing factors
We can use some formulas to calculate the partition function and the recursion formula that we will explain in the next subsection:
• Some formulas about schur polynomial
1 − Qq
• Some factor calculation (i,j)∈ν
B Recursion Formula and Flop Transition
In this section, we calculate the building block about two cases, and we derive the recursion formula. Then, we discuss how to connect two building blocks under the flop transition.
B.1 Simple case
we consider the following web diagrams, (a) and (b). Then, we can write the partition function for the web diagram (a),
In order to calculate this, we consider the following equation,
We can use the formula in the reference [1] . Then we obtain
where we define Q τ = Q m Q.
Next we calculate the partition function for the web diagram (b). This calculation is the same as the partition function Z (a)
and
These results agree with each other under the flop transition (see Fig. B.1 ). The Kähler parameters are related as follows,
B.2 Little complicated case
In this subsection we calculate the following web diagram (see Fig. B .
2).
We have already written the partition function for the web diagram (c) in section 3. In order to calculate this, we consider the following equation, We calculate (B.7) by using some formulas in Appendix A. Then we obtain (Λ := α 1 α 2 α 3 α f ) (B.8)
Thus, we get
In order to consider the non-zero value for lim n→∞ F (Λ n x i ), we set the representation of some schur functions to trivial. In order to do this, we restrict (B.7) to Therefore, we conclude
Next we calculate the partition function for the web diagram (d). This partition function has been calculated in the reference [3] . Then, in the above definition of the Kähler parameters, we find Z ν 1 ν 2 =Z ν 1 (q, t)Z ν 2 (q, t)t 
(B.14)
